omplex numbers play a unique and very impor-
tant role in a wide variety of computing applica-
tions. History has recorded that in 1545,
‘ Cardano initiated the use of V-1 during investi-

gation of the roots of polynomials. Later in
1777, the famous mathematician Euler introduced the use of
abbreviation i for V-1 and originated the a + ib notation to
represent complex numbers. (In electrical and computer
engineering, we use the symbol j, instead of i, presumably
because it is easier to distinguish between the number 1 and
Jj than between 1 and i.)

The Fast Fourier Transform in most digital signal pro-
cessing algorithms and the geometric analysis of pixels in
graphics and image processing owe their advantage to com-
plex numbers. Yet despite their widespread applications in
digital signal and image processing, complex numbers are
treated as distant relatives of real numbers. Even with 100-
million transistors on a single IC-chip, virtually the entire
complex arithmetic still involves the “divide-
and-conquer” technique. That is, a complex
number is broken up into its real and imagi-
nary parts. Operations are then carried out on
each part as if it was a part of the real arithmetic. Finally, the
overall result of the complex operation is obtained by accu- )
mulation of the individual results.

This unequal treatment of complex numbers has long
been viewed as unjust by both mathematicians and engi-
neers. This has resulted in efforts to define binary numbers
with bases other than 2. In 1960, Donald E. Knuth described a
“quater-imaginary” number system with base 2j and analyzed
the arithmetic operations of numbers using this imaginary
base. However, he was unsuccessful in providing a division
algorithm. He considered this failure as a main obstacle
towards hardware implementation of any imaginary-base
number system.

Walter Penney, in 1964, attempted to define a complex
number system, first by using a negative base of —4 and then
by using a complex number (—1+4j) as the base. However, the
main problem encountered with using these bases was again
the inability to formulate an efficient division process.

Stepanenko utilizes the base j\2 in which the even powers
of the base yield real numbers and the odd powers of the base
result in imaginary numbers. He was partly successful in
resolving the division problem as an “all-in-one” operation.
However, Stepanenko’s algorithm lacks the confirmation that
it will always converge in all circumstances.

In this article, we aim to provide a simplified tutorial to the
complex binary number system. The examples of arithmetic
operations will show that a binary number system with a com-
plex base (such as —1+j) is advantageous for today’s computer
designs.

For instance, adding two complex numbers (a+jb) and
(c+jd) in today’s arithmetic requires two separate additions,
(a+c) and (b+d), while multiplying the same two complex
numbers requires four multiplications (ac), (ad), (bc), (bd), one
subtraction (j2bd=-bd), and one addition (ac+ j(ad+bc)+(—bd)).
This process can be effectively reduced to just one complex
addition, or one multiplication and one addition respectively
for the given cases if each complex number is represented as
one unit instead of two individual units.

The Base —1+

The value of an n-bit binary number with base —1+j can be
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written in the form of a power series as follows:

an 1 (-14)™ 1+ ap o(-147)" 24 ap 3 (-14)" 2.+ ax(—14j)?
+ai(=14)) +ag (~1+))°
where the coefficients aj_1,a,.2,2y.3,...,a2,21,80 are binary (either
0 or 1). This is analogous to the ordinary binary number sys-
tem power series of:

A (2™ + a,5(2)"2 + a,3(2)"3 + ..+ ax(2)? +a;(2)! +ag
2P
except that the bases are different.

Binary representation for complex numbers

Conversion algorithm for integers. Let’s first begin with
the case of positive integers N. To represent N in the complex
binary number system, we follow these steps:

1. Express N in terms of powers of 4 using division
process.

2. Now convert the base 4 number (..., gs, 94, 3, 92, q1,90)
to base —4 by replacing each digit in odd location (qi, g3, s,
...) with its negative to get(..., —qs, 94,—q3, 92, —q1, 0)-

3. Normalize the new number (i.e., get each digit in the
range 0 to 3) by repeatedly adding four to the negative digits
and adding a one to the digit on its left. If the digit is 4, replace
it by a zero and subtract a one from the digit on its left.

4. To represent the given number in the base —1+j, we
replace each digit in base —4 representation with the corre-
sponding four bit sequence (0 —0000 ; 1—0001 ; 2 —1100; 3
—1101).

Thus,

2000pase10 = (1,2,0,1,1,0,0) pase -4 = 0001 1100 0000 0001
0001 0000 0000 pgse -14j= 1 1100 0000 0001 0001 0000
Oooobase -14§

This can be verified by computing the power series:

(=14)%* + (143 + (=142 + (=14)'2 + (=1+))3 = 2000

To convert a negative integer into (—1+j)-base representa-
tion, we simply multiply the representation of the correspond-
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ing positive integer with 11101 (equivalent to —lpase -14j)
according to the multiplication algorithm (given under arith-
metic operations for complex numbers section). Thus

—2000pa5e10 = (1 1100 0000 0001 0001 0000 0000) x
(11101)

= 1100 0000 0000 1101 0000 0000pqse -1+i

This can be verified by computing the power series:

(=1H)B + (<1422 + (1) + (<1410 + (=1+))8 ==2000

Conversion algorithm for imaginary numbers. To represent
a positive or negative imaginary number in (—1+j)-base repre-
sentation, we multiply the corresponding complex binary rep-
resentation of the positive or negative integer with 11 (equiva-
lent to jyase 10) Or 111 (equivalent to -jpuse 10), aS appropriate.
Thus

j2000pase10 = (1 1100 0000 0001 0001 0000 0000) x (11)

=100 0000 0011 0011 0000 0000 pase -1+j

And

—2000pase10= (11101000000010000) x (111)

=111 0100 0000 0111 0111 0000 0000 pyse -1+

Conversion algorithm for fractions. The procedure for find-
ing the binary equivalent in base (—1+j) for real fractions is
very similar to the algorithm presented before for the integers.
For imaginary fractions, the same procedure, just outlined for
the imaginary numbers, can be followed.

As an example, binary representation in base (—1+j) for
0.351pase10 1s obtained as follows:

Step 1: 0.351pase10 = 0.11213123. pa5e 4

The base 4 representation has been obtained as follows:

0.351x4 = 1.404; 0.404x4 = 1.616; 0.616x4 = 2.464;
0.464x4 = 1.856; 0.856x4 = 3.424; 0.424x4 = 1.696; 0.696x4
=2.784; 0.784x4 = 3.136 and so on...

Step 2: Converting from base 4 to base —4 representation,
as before, yields

0.351pase10 = 0.(=D1(=2)1(=3)1(=2)3...buse 4

Step 3: After normalization, we have

0.351pase1o = 1.32221223... pase 4

Step 4: And finally replacing each base —4 digit
with its equivalent four-bit sequence gives

0.351pasero = 1.1101 1100 1100 1100 0001 1100 1100
1101...pase -14j

Similarly,

j0.351pgse1o = (1.1101 1100 1100 1100 0001 1100 1100
1101) x (11)

=0.01000100001101000011001101...pasc -14f

Conversion algorithm for floating point numbers. To repre-
sent a floating-point positive number in the new base, we add
the integer and fractional representations according to the addi-
tion rules given in the next section. Once again, all rules for
obtaining negative integer and positive/negative imaginary
number representations in base (—14j) are equally applicable for
obtaining negative floating point and positive/negative imagi-
nary floating point representations in the proposed new base.

For example, 60.4375pase 10

=11101000000010000+1.11011101=
11101000000010001.11011101 page -1+

Andj60.4375base 10

=11101000000010001.11011101 x 11

= 111000000110000.010001 1 Lpgse -1+

Similarly, 55.6875pase 10

=0001 1101 0000 1101 1101 + 1.11001101

=0001 1101 0000 1100 0000.1100 1101 page (-1+j)

Andj55.6875base 10

=0001 1101 0000 1100 0000.1100 1101 x 11

40

= 111011101000000.001101 1 1page (-14))

Having known the conversion algorithms, as described pre-
viously, the binary representation for any given complex num-
ber can be easily obtained, as shown by the following example:

(55.6875 +j55.6875)base10

=0001 1101 0000 1100 0000.1100 1101 pase (-14))

+ 1110111 0100 0000.0011 011 1pgge -14)

=110 0000 1000 0000.1110 O110pase(-1+)

fArithmefic operations

Addition. The binary addition of two complex numbers fol-
lows theserules: 0+0=0;0+1=1;1+0=1;1+1=1100.
These rules are very similar to the traditional binary arith-
metic. The exception is the last case: when two 1s are added,
the sum is zero and (instead of just one carry) two carries are
generated. These two carries propagate towards the two
adjoining positions after skipping the immediate neighbor of
the sum column. That is, if two numbers with 1s in position n
are added, this will result in 1s in positions n+3 and n+2 and
Os in positions n+1 and n in the sum. Similar to the ordinary
computer rule where 1 + 111 ... (to limit of machine) = 0, we
have 11 + 111 =0 [zero rule].

Subtraction. The binary subtraction of two complex num-
bers follows these rules: 0 -0=0;0-1=*;1-0=1;1-1=
0. Three of the four conditions listed in these rules are the
same as for subtraction in the ordinary binary system. For the
case where 1 is subtracted from O (* case in the rules), the fol-
lowing algorithm applies:

Assuming our minuend iS a,ay jay7...ax148k+33K+22x+ 12k 02y
1....azazaag

and subtrahend is bnbn_lbn,z...mek+3m+2m+1lbk_l....b3b2b1b0

Then, the result of subtracting 1 from 0O is obtained by
changing

ag—a+1; ag—agy(unchanged); agpo—ago+l; agz—ages
+1; Ax+4—> Ak44 +land bk —0.

Example: Subtract (1+3j) from 2

Solution: In base (—1+j) notation, we have

2 — (1+3j) = 1100 — 1010 = 0100 — 0010 = 111110 —
000000 (by algorithm) =111110 base(-1+j)

This can be verified to be equivalent to 1-3j by evaluating
the power series:

CL4+35 + L+ + (1 4P+ (L +))2 + (1 +)!

Multiplication. The multiplication process of two complex
binary numbers is similar to multiplying two ordinary binary
numbers. However, while adding the intermediate results of
multiplication, the rules given previously for adding complex
numbers should be followed. The zero rule plays an important
role in reducing the number of summands resulting from inter-
mediate multiplications.

Example: Multiply (2 —j)(1 + 2j)

Solution: The binary representations of the given complex
numbers in base —1+j are

2—-j=2+()=1100+ 111 = 11101 1 page -1+

1 +2j=0001 + 1110100 = 1110101 pase -14

Now (2 —])(1 + 2]) = 111011ba5e—1+j x 1110101 base -14j

Blue-faced 1s in Box A help us to recognize the pattern 111
+ 11 which results in O (zero rule).

For verification,

1100111 e 1§ = (<1 + )0+ (<1 + )%+ (=1 + )2+ (=1 + !
+(1+))0= (4 +3))

Division. The division algorithm is based on determining
the reciprocal of the divisor (denominator) and then multiply-
ing it with the dividend (numerator) according to the multipli-
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cation algorithm.

Thus

(a+jb) = (c+jd) = (a+jb)(c+d) ! = (a+jb)z where z = w'! and
w = c+jd

We start with our initial approximation of z setting zy =
(=1+j)* where k is obtained from the representation of w such
that

k
w=2 a (—1+)
j=—co

in which ay =1 and a;=0 fori > k.

The successive approximations are then obtained by zj,; =
7; (2 — wz;). If the values of z do not converge, we correct our
initial approximation to zy = j(—1 + j)* which will definitely
converge. Having calculated the value of z, we just multiply it
with (a+jb) to obtain the result of the division. In the following
examples, for the sake of clarity, decimal numbers have been
used to explain the converging process of the division algo-
rithm.

Let (a+jb) =1 +j2, and w = 1 + j3. Our calculations for
approximation of z = w! then begin as follows:

1 +j3 = 1010pae-14g = L.(=1 +j° + 0.=1+))* + (=1 + ! +
0.-1+))°=k=3

Therefore,

2o=(~14j) = 0.25-j0.25

z; = 0.125-j0.375

7, = 0.09375-j0.28125,

73 = 0.099609375-j0.2988281250

74 = 0.09999847412—j0.2999954224

z5 =0.1-0.3

76 = 0.1-0.3 (converging).

Now,

0.1-j0.3 =0.001111001011110010111100...pase -1+

So (14j2) + (1+j3)

= (14j2) x (1+j3)!
=1 1101 01

0.001111001011110010111100...pa5¢ -1+

= 1.11111001011110010111100101111...pase -14j = 0.7—
j0.1

As another example, let w = —28—j15, then

—28-j15

= 1101101001 Ipgee -14

= 1.(=14)) 041.(=14)) %40.(=14)) S+1.(=1+j)7+1.(=1+j)°+
0.(=14)3+1.(=1+)*+0.(=1+))34+0.(=1+)*+1.(=1+) + 1.(=1+)°
=k=10

We begin by choosing zy = (-1+j)~'0 = j0.03125

z; :=-0.02734375+j0.0478515625

7, :=-0.05861282347-0.0007009506465

z3 :=—-0.02227897905+j0.05242341786

74 :=-0.07257188256+j0.005664255473

75 :=0.01375684714+j0.06682774792

76 :=—0.1198139965+j0.1209880304

77 :=0.1873379177-j0.5740439146

zg :=—4.643184188-j11.58680236

79 :=—4778.731320+j1299.184773

(not converging)

So we correct our initial approximation to:

70=j(-14j)10=-0.03125

z1:= (0.03515625+j0.0146484375

72:=(0.02626419066+j0.01577854156

73:=(0.02775239316+j0.01496276824

74:=(0.02775050252+j0.01486605276

75:=(0.02775024777+j0.01486620416

base-14+jX

DECEMBER 2001/JANUARY 2002

26:=(0.02775024777+j0.01486620416

27:=(0.02775024777+j0.01486620416

23:=(0.02775024777+j0.01486620416

79:=(0.02775024777+j0.01486620416

(converging)

The converging value of zg can be represented in base (-1 +
7). It can then be multiplied with any given complex number to
obtain the result of dividing the given complex number by —28
—jl15, as in the previous example.

Conclusion

Conversion algorithms and arithmetic procedures for a (—1
+ j)-base binary number allows a given complex number to be
represented as one unit. This should simplify the operations
involving complex numbers in today’s microprocessors. With
the division process secure, we can implement the usual algo-
rithms for calculating functions and processes such as loga-
rithms, exponentials and trigonometric functions. Currently,
work is underway to write Java applets for the algorithms. We
are planning to design an arithmetic unit based on the new
binary system which will then be implemented using Field
Programmable Gate Arrays.
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